sign consists of two stages. The first stage is based on [17] and [26] and selects a positive definite matrix using a minimum-type piecewise Lyapunov function, and the second stage chooses the controller gains that minimize the time derivative of the Lyapunov function. For the development of these control design methods, new stability conditions were established, and some of these conditions are a kind of BMI. These BMIs, which contain some bilinear terms as the product of a full matrix and a scalar, have been solved by the path-following method [18] . Furthermore, the proposed switched controller can also operate even with an uncertain reference control signal.
Due to the fact that the control law is switched, the main advantage of this new procedure is its practical application because it eliminates the need to find the explicit expressions of the membership functions, which can often have long and/or complex expressions, or may not be known, for instance, due to the plant uncertainties. Additionally, with the proposed methodology, the closed-loop systems usually present a settling time smaller than those obtained with fuzzy controllers without using switching, which are widely studied in the literature. Moreover, other constraints, for instance on the plant's input and output, can also be added to the control design specifications.
The proposed method was applied in the control design of a benchmark nonlinear T-S fuzzy system [17] that is used to compare relaxation stabilization criterions. Furthermore, simulation results of the application of the procedure in the control of a magnetic levitator with uncertainties is presented. The computational implementations were carried out using the modeling language YALMIP [39] with the solver SeDuMi [40] .
The paper is organized as follows. Section II presents the preliminary results on T-S fuzzy model and switching fuzzy controller. Section III offers a new switching control method and new stability conditions for a class of uncertain nonlinear systems described by T-S fuzzy models. Examples illustrate the performance of the new proposed methods in Section IV. Finally, Section V draws our conclusions.
For convenience, in some places, the following notation is used:
II. TAKAGI-SUGENO FUZZY SYSTEMS AND SWITCHING FUZZY CONTROLLER
Consider the T-S fuzzy model as described in [41] :
where i ∈ K r , M i j , j ∈ K p is the fuzzy set j of rule i, x(t) ∈ R n is the state vector, u(t) ∈ R m is the input vector, y(t) ∈ R q is the output vector, A i ∈ R n ×n , B i ∈ R n ×m , C i ∈ R q ×n , and z 1 (t), . . . , z p (t) are premise variables, which, in this paper, are the state variables.
From [1] ,ẋ(t) given in (2) can be written as follows: where α i (x(t)) is the normalized weight of each local model system A i x(t) + B i u(t), i ∈ K r that satisfies (1) . Assuming that the state vector x is available, from the T-S fuzzy model (2), the control input of fuzzy regulators via parallel distributed compensation has the following structure [1] :
Similar to (3), from (4), one can consider the control law [1] 
From (1), (3), and (5), one obtainṡ
Now, a switching fuzzy controller based on a minimum-type piecewise Lyapunov function proposed in [17] is presented. Let the piecewise Lyapunov candidate function be as follows:
where P k , k ∈ K N are symmetric positive definite matrices. Definition 1: Consider the index set Ω H (t) defined in the following:
where H i ∈ R n ×n , i ∈ K N , and x(t) ∈ R n . The smallest index j ∈ Ω H (t) will be denoted by
In [17] , the switching index min j ∈Ω P ( t ) j was used to select, at each instant of time, a positive definite matrix P j , j ∈ K N , such that the piecewise Lyapunov function (7) is equal to x(t) T P j x(t). Thus, considering (7) and from Definition 1, the switching fuzzy controller proposed in [17] can be written as follows:
Therefore, from (1), the controlled system (3) and (8) is given bẏ
In this context, considering the piecewise Lyapunov function (7) and the switching fuzzy controller (8) , in [17] , a theorem was proposed which established a relaxed stabilization criterion. However, some of the proposed conditions are BMIs which contain some bilinear terms as the product of a full matrix and a scalar. Fortunately, this kind of problem has been solved by the path-following method [18] .
III. MAIN RESULT

A. Switched Regulator Design of Uncertain Nonlinear Systems Using Takagi-Sugeno Fuzzy Models
In this section, a new design method of switched controllers for the T-S fuzzy systems described in (3) is presented. To find the feedback gains the proposed controller uses two stages. The first stage is based on the procedures presented in [17] and [26] , and chooses an index σ = arg min k ∈K N * {x T P k x}, where P k , k ∈ K N are symmetric positive definite matrix. Note that the Lyapunov function given in (7) is equal to V (x) = x T P σ x. The basic idea of the second stage is the minimization of the time derivative of the Lyapunov function (7), through the selection of the controller gain, which belongs to the set of gains {K j σ , j ∈ K r }, where σ was obtained in the first stage. This stage uses auxiliary symmetric matrices Q j k , j ∈ K r , k ∈ K N , the index σ, and selects an index ν = arg min j ∈Kr * {x T Q j σ x}. Therefore, considering the indexes σ and ν cited above and Definition 1, the switched controller is defined as follows:
Therefore, from (1), the controlled systems (3) and (10) are given byẋ
In this context, considering the piecewise Lyapunov function (7) and the switching controller (10), the following theorem is proposed.
Theorem 1: Assume that there exist symmetric positive definite ma-
m ×n , and scalars λ isk > 0, β < 0 such that, for all i, j ∈ K r and k, s ∈ K N :
where
Then, the switched control law (10), where
and controller gains are given by
makes the equilibrium point x = 0 of the system (3) asymptotically stable in the large.
Proof: Consider a piecewise Lyapunov candidate function given in (7) . Suppose that
, where σ is selected as described in (10) and Definition 1. From the analysis presented in [17] , considering that
). This fact follows froṁ
and on the other hanḋ
Thus, recalling that β < 0, then from the analysis above and from (11), observe thaṫ
Considering the relaxing parameters
Therefore, from (15) and (16) it follows that for x = 0
From (1) and (10), note that
Now, suppose that there exist symmetric matrices
(19) Therefore, from (18) and (19) , assume thaṫ
Remembering that α i ≥ 0, i ∈ K r and
if for all i ∈ K r and k ∈ K r , the following condition holds:
Now, define
Pre-and postmultiplying (16), (21) , and (19) by X k , it follows (12), (13) , and
Applying the Schur complement in (22) , this condition is equivalent to (14) , and the proof is concluded. Remark 1: Nowadays, to the best knowledge of the authors, there are no solvers that can find solutions for all kinds of BMIs. Note that the conditions of Theorem 1 are given by two LMIs [see (12) and (13)] and one BMI (14) . However, this kind of problem has been solved by the path-following method [18] , whose steps are presented with details in [17, App.] . In the examples of this paper, the path-following method was implemented using the modeling language YALMIP [18] with the solver SeDuMi [17] .
Remark 2: The conditions of Theorem 1 can be rewritten when N = 1, which is described as follows:
. Now, applying the Schur complement in the third inequality of (23), one obtains the simplified conditions given by
B. Switched Controller With Uncertainty in the Reference Control Signal
In this case, it is assumed that the plant given byẋ = f (x,ū) has an equilibrium pointx = x 0 and that the respective control input is u = u 0 , such that f (x 0 , u 0 ) = 0. Suppose that x 0 is known, u 0 ∈ R is uncertain because it depends on the plant uncertainties, but 0 < u 0 ∈ [u 0 m in , u 0 m a x ], where u 0 m in and u 0 m a x are constants that are known, and the plant can be described by the T-S fuzzy system (1)-(3)
is the state vector of the plant; u(t) =ū(t) − u 0 ,ū is the control input of the plant. Now, consider that B(α) can be written as follows:
where B is a known constant matrix, and g(x(t)) > 0, for all x, is an uncertain bounded nonlinear function. Thus, the system (25) can be rewritten as follows:
Assume that the conditions (12)- (14) of Theorem 1 are feasible. Then, one can obtain the gains
k , and the matrices Q j k , j ∈ K r , k ∈ K N . Now, given a constant ξ > 0, define the control law
Note that the control law (28) and (29) is only applicable to single input systems. Based on the considerations above the following theorem is proposed. Theorem 2: Suppose that the conditions from Theorem 1 hold, from the system (25) with the control law (10) , and obtain
k , and Q j k , j ∈ K r , k ∈ K N . Then, the switched control law (28) and (29) makes the equilibrium point x = 0 of the system (25) asymptotically stable in the large.
Proof: Consider a piecewise Lyapunov candidate function V = min i ∈Kr {x T P i x} = x T P σ x. DefineV u ν σ andV u ( ν , σ , ξ ) as the time derivatives of V for the system (25) and (26), with the control laws (10) and (28) and (29), respectively. Theṅ
Now, note that from (29) , g(x)x T P σ B(γ ξ − u 0 ) ≤ 0. Thus, from (30),V u ( ν , σ , ξ ) ≤V u ν σ < 0 for x = 0, since from Theorem 1, the equilibrium point x = 0 of the system (25) with the control law (10) is globally asymptotically stable, becauseV u ν σ < 0 for x = 0, and therefore, the proof is concluded.
Remark 3:
Observe that the control inputū = −K ν σ + γ ξ defined in (28) can be discontinuous due to the term γ ξ (29) . Note also that in some practical implementations, this phenomenon of discontinuity may be inconvenient or cannot be allowed. Thus, as in [30] , one can modify the function γ ξ to make it continuous and ensure the uniform ultimate boundedness of the system and smoothness of the control input. Thus, for instance, consider a function γ ξ as follows [30] :
IV. NUMERICAL EXAMPLES
A. Example 1
The following example has been used in several papers and is considered as an index to compare the relaxation of the stabilization criterions for T-S fuzzy systems [8] , [17] .
Let the continuous T-S fuzzy be defined by the following rules: 
Considering a = 2 and b ∈ [0, 7], the maximum value of b in the discrete range 0 : 0.5 : 7 such that a given stabilization condition holds is calculated, in order to compare it with other stabilization methods. From the conditions of Theorem 1, the maximum obtained value was b = 6. Thus, by fixing a = 2 and b = 6, from the inequalities (12)- (14) presented in the Theorem 1 for N = 4, by the pathfollowing method [18] considering in the initial step β 0 = 0.4429 and λ isk (0), i ∈ K r , s, k ∈ K N equal to random values between 0 and 1, a feasible solution was obtained for β = −0.0071. In this case, the controller gains, the symmetric positive definite matrices of the piecewise Lyapunov function (7), and the symmetric matrices Q j k of this feasible solution were the following: 
For a simulation, the same conditions from the numerical example presented in [17] were considered, namely, the initial condition x(0) = [− 2 1] T and the membership functions α 1 (t) = cos(10x 1 (t)) + 1 4 , α 2 (t) = sin(10x 1 (t)) + 1 4 α 3 (t) = sin(10x 1 (t)) + cos(10x 1 (t)) + 2 4 .
The simulation results of the controlled systems (10), (32), (33)- (35), and (8), (32)- (34) are shown in Fig. 1 . The proposed methodology (see Theorem 1) presented a good result because it was feasible for the maximum value b = 6, which is the same value of the relaxation methods described in [6] and [7] . Note that, according to the comparative analysis described in [17] , this value was only smaller than those presented in [8] (b = 6.5) and [17] (b = 7.0). However, it is worth remembering that the main goal of this paper is not to establish a new relaxed stabilization criterion but to propose a new switched control design method for uncertain nonlinear plants described by T-S fuzzy models that does not use the membership functions to implement the control law. Additionally, this new control design method can be mainly useful to control plants with uncertain parameters when the membership functions depend on these parameters and are unknown. For instance, the methods given in [6] [7] [8] and [17] cannot be directly used when the membership functions are unknown, because for their implementations, the membership functions are necessary.
B. Example 2
In this example, the proposed nonlinear control method is applied in a magnetic levitator, whose mathematical model [42, m is the mass of the ball that is an uncertain parameter; i is the electric current, and y is the position of the ball. Define the state variablesx 1 = y andx 2 =ẏ. Then, (36) can be written as follows [9] :
Consider that during the required operation, [x 1x2 ] T ∈ D 1 , where
The objective in this example is to design a controller that keeps the ball at a desired position y =x 1 = y 0 , after a transient response. Thus, the equilibrium point of the system (37) 
T . From the second equation in (37) , observe that in the equilibrium point,ẋ 2 = 0 and i = i 0 , where
Note that the equilibrium point is not at the origin
T . Thus, for the stability analysis, the following change of coordinates is necessary:
i.e.,
Therefore,ẋ 1 =ẋ 1 ,ẋ 2 =ẋ 2 and, from (39),
(1 + μy 0 ) 2 . Hence, the system (37) can be rewritten as
where z = [x 1 x 2 y 0 m] T ∈ R 4 . Thus, to find the local models, the maximum and minimum values of the functions f 21 , f 22 , and g 21 must be obtained. In this case, the methodology proposed in [9] will be used. 
Observe that the system (40) can be rewritten as in (27) , i.e.,
After the calculations, the maximum and minimum values of the functions f 21 , f 22 
From (44), the local models of the plant (40) and (41) are the following: 
, and B 2 = B 4 = B 6 = B 8 . It is worth observing that this system presents no problems with feasibility. Thus, to solve the inequalities (12)- (14) presented in the Theorem 1 for N = 2, β 0 = −2, and λ isk (0), i ∈ K 8 , s, k ∈ K 2 randomly chosen between 0 and 1, a feasible solution was obtained. In this case, the controller gains, the positive definite matrices of the piecewise Lyapunov function (7) , and the matrices symmetric matrices Q j k , j ∈ K 8 , k ∈ K 2 were the following: 
Therefore, the control law (28) and (29) for the levitator is given by T , which will be the new initial condition. Finally, y 0 was changed from 0.1 to 0.07 m at t = 2 s and m = 0.01 Kg for t ≥ 2 s. Thus, observe that in Fig. 2, x(∞) = [0.07 0] T . Note that in this case, it is not possible to directly obtain the membership functions, since the mass is uncertain, but the proposed method overcomes this problem, because it does not depend on such functions. Observe also that even with uncertainty in the reference control signal (because u = i 2 − i 
V. CONCLUSION
This paper proposed a new switched control design method and establishes a new criterion of stability for uncertain nonlinear plants described by Takagi-Sugeno fuzzy models. The methodology eliminates the need to obtain the explicit expressions of the membership functions to implement the control law. This is relevant in cases where the membership functions depend on uncertain parameters or are difficult to implement. Some conditions of the stabilization criterion are represented by a class of BMIs which has been solved by the pathfollowing method. The controller gain is chosen by a switching law that minimizes a piecewise Lyapunov function and its time derivative. Simulating this new procedure, the controlled system presented an appropriate transient response, as displayed in Figs. 1 and 2 . Thus, it is considered that the proposed method may be an useful procedure in practical applications for the control design of uncertain nonlinear systems. Future research on the subject include the design of robust discrete-time switched T-S controllers [43] for plants with uncertainties or subjected to structural failures [44] [45] [46] .
